In this work we generalize theorems on the Fourier Chebyshev finite series expansion obtained in [1, 2, 3] . More specifically we expand in terms of the Fourier Chebyshev finite series expansion the functions f + (n, θ) = 2 n−1 (1+cos θ) n − 1 2 2n n , and f − (n, θ) = 2 n−1 (1−cos θ) n − 1 2 2n n as well as functions of the type
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f m + (n, θ) sinθ , and f m − (n, θ) sinθ , where m stands for the order of the derivative of f , or the m th derivative of f with m appropriately choosen, and x = cos θ. We basically use the key lemma by Ziad S. Ali in [3] to get the generalized theorems.The outcome are: New Combinatorial Chebyshev identities, the Fourier Chebyshev finite series expansions of the functions just indicated above, the integral representations of the various combinatorial expressions of the type r m 2n n−r , or (−1) r r m 2n n−r . The role of the Key lemma obtained in in [3] , and the orhogonality properties of the Chebyshev polynomials of the first, and second kind appears to be more then extremely important in the main ideas of this work, and turned out to generate new ideas related to the Fourier Chebyshev
Introduction
The Chebyshev's polynomials of the first kind T n (x), and of the second kind U n (x) are respectively defined by:
A continuous function f (x) in |x| ≤ 1 can have a Generalized Fourier Series expansion or a Fourier Chebyshev Series expansion of the form
The orthogonality conditions are given by
with the orthogonality conditions
The key lemma, and consequences
In [3] the following key lemma has been obtained:
For 1 ≤ r ≤ n, and θ real we have:
(ii)
The following Theorems are direct consequence of the sample of Theorems which appeared in [2, 4] . The reason was to better look and improve the Theorems, and make them more presentable. Some are slightly changed by extracting an extra factor of the different polynomials appearing. Other theorems stayed as they were represented in [2, 4] , with a slight change in the notation.
In [2, 4] , we have the following sample of theorems related to the generalized Fourier Chebyshev finite series expansion :
(i) Let T n be the Chebyshev polynomials of the first kind. Let n be fixed and let |x| ≤ 1. The Fourier Chebyshev series expansion of
(ii) Let U n be the Chebyshev polynomials of the second kind with n fixed and |x| ≤ 1. The Fourier Chebyshev Series expansion of
Note that we have the following new Combinatorial Chebyshev finite sums :
Theorem 2.3: Let n be a positive fixed integer, let r ≤ n, and let |x| ≤ 1 then we have:
We like to remark at this stage of the importance of the Key lemma, and the orthogonality conditions of the Chebyshev polynomials in fully understanding the evaluation of the above two definite integrals. Accordingly we can think that now we have new definite special integrals that we can call: The key lemma Chebyshev definite integrals. These definite integrals simply demonstrate the importance of the key lemma, and the orthogonality conditions of the Chebyshev polynomials in evaluating special definite integrals of the Chebyshev type.
Theorem 2.4:
(i) Let T n be the Chebyshev polynomials of the first kind. Let n be fixed and let |x| ≤ 1. The Fourier Chebyshev Series expansion of
where f ' − (n, θ) the first derivative of f − (n, θ) is given by :
Theorem 2.5: Let n be a positive fixed integer, let r ≤ n, and let |x| ≤ 1 then we have:
We again add to our list of special new defenite integrals showing the importance of the key lemma, and the orthogonality conditions of the Chebyshev polynomials in evaluating special definite integrals of the Chebyshev type.
Theorem 2.6:
(i) Let T n be the Chebyshev polynomials of the first kind. Let n be fixed and let |x| ≤ 1. The Fourier Chebyshev Series expansion of the second derivative
is given by
(ii) Let U n be the Chebyshev polynomials of the second kind. Let n be fixed and let |x| ≤ 1. With x = cos θ, the Fourier Chebyshev Series expansion of the third derivative
Theorem 2.7:
(ii) r
Again we add to the class of our list of special new defenite integrals showing the importance of the key lemma, and the orthogonality conditions of the Chebyshev polynomials in evaluating special definite integrals of the Chebyshev type.
Theorem 2.8:
(ii) Let U n be the Chebyshev polynomials of the second kind with n fixed and |x| ≤ 1. With x = cos θ, the Fourier Chebyshev Series expansion of
Note that we have the following new combinatorial Chebyshev finite sums:
Theorem 2.9:
We are further in generating again special new defenite integrals, hence we add more to the class of our list of special new defenite integrals showing the importance of the key lemma, and the orthogonality conditions of the Chebyshev polynomials in evaluating special definite integrals of the Chebyshev type.
Main Theorems
Our main theorems are simply the general representations of the above sample Theorems. We have: With m appropriately choosen we have the following:
(1) For m = 4j + 1, j=0,1,2,.....we have : 
(2) For m = 4j − 1, j=1,2,3,...we have: m = 4j + 1, j=0,1,2,. ....we have: j=1,2,3 ,...we have:
....we have: 
(2) For m = 4j − 1, j=1,2,3,...we have: 
New combinatorial identities
The following two colloraries with their meaning, and significance are a result of section 3 just given above in this work. They both follow from the Key lemma obtained in [3] , and actually saying the m th derivative of left hand side of the Key lemma equals the m th derivative of its right hand side. 
